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Many r~ults of the optimality conditions for set-valued funotions have been obtained  in recent 

years，for example，Li[”，Zhor gFei Li and GuangYa Chen[2]，etc．The notion of preinvex for scalar- 

valued functions was introduced into literature by WeirD3 and W IT[．]by relaxing the convexity as． 

sumptio~on the domain set of the functions．I)avinder BhatiarS~had extended the cIass of cone—convex 

set—valued functions to the class of cone-preinvex set—valued fun ctions．A fractional programming prob- 

lem involving set valued functions has been considered． 

Motivated by L ，in the present paper，we will eatab~ah a necessary and sufficient optimality 

condition and some necessary optimality conditions for cone-preinvex Sot-valued function s in the topo- 

logical vector ap~ce． 

1 Notion and Preliminary Results 

Let X and Y be topological vector spaces．A set—valued function F from X into Y is a function 

that associates a unique subset of Y with each point of X．Equivalently，F can be viewed as a function 

froR1X intothepo werset ofY， ．e．F：X一 2 ． 

The domain of FjX一 2 ven by 

D(F)= { (XlF )≠ } 

For E￡：X，F：吕 2 ，denote，F(E)=U EEF( )． 

A subsetrofYis saidto be a coneif艏 ∈rf0r every搴∈r，and >0．A convex cone'培onefor 

which }1+ 岛∈rfor each毛， ∈r and ， ≥0．A pointed coneis one for which rn(一r)= 

{O)，where 0isthe zero element ofY．Letr be apointed cozlvex conewithint r’≠ ． 

Then we de[me three cone orders with respect to r as 

毛≤ 2 iff }：一}1∈r， 

≤ z iff 如一矗∈，＼(0}， 

}1< iff 如一}1∈intr． 

Theset of alltheweak r_minimalpoints andweakr一眦 ximaJ points of asetA inY aredefined 
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— MinrA= {Yo∈ AIthere exits no Y∈Aforwhich y<Zry0)， 

一 MaxrA = (yo∈ AIthere exits no Y∈ A for which y0<ry}． 

If y0∈A is a weak minima of A with respect to cone r．then it is denoted by Y0∈ 一MinrA． 

The polar cone r of r is defined as： 

r’一 {Y ∈Y’I( ，Y )≥0forall Y∈r)． 

The following result is due to Wang and Li[ ． 

Lemma 1．1 If r∈Y is a pointed convex cone with int r≠ ，then 

(1)r+int rC：int r， 

(2)( ，Y’)>O for any Y ∈r ＼t0)and yE．mt r． 

Definition 1．1CS] Let EC X be a convex set and F：E一 2 be a set—valued function and r be a po inted 

convex cone in Y．Then F is said to be F--convex on E if for every z1，x2∈E，￡∈[O，1]． 

tF(x1)+ (1一 t)F(x2)[ F(tx1十 (1一 t)x2)+ P． 

We define a new chss of set—valued functions，cafled a preinvex set—valued  function． 

Definition 1．2C 】 LetE be a subset ofX ，F：E一 2 andletr be a pointed  convex coneinY
． F is said 

to be F--preinvex on E if there exits a function defined on X ×X and values in X such that for an y 

x1，x2∈E，￡∈[O，1]． 

tF(x1)+ (1一 ￡)F(屯)C F[ + tTl(x1．x2)]+ r． 

ItisimpEdtinthe above definitionthatforzI， ∈E，andtE[o，1]，z2+唧(z1，z2)∈E，we call 

such asetE to be aninvex setwith respectto ． 

Th de nition generafizes the class of set-valued functions，as in the ease where F is a r—con— 

vexfunctio~onE}then bytakingz1一z2一覃(zl，z2)for allx1， 2∈E，FbecomesF--preinvex．How- 

ever，the converse need not be true ，that is，a r—preinvex set—va lued  function need not be r—c0n． 

VeX ． 

The following theorem characterizes the generalized Farha s--Minkowski type theorem for prein- 

vex set——valued functions． 

Theorem 1．1[ 】 Let E be an invex subset ofX(with respect to a function ： × —- )．If the set— 

valued function F：E 2 is F--preinvex and G：E一 2 is A--preinvex(with respect to some function 

)，where r and A are pointed convex cones in topdogical vector spaces Y and z，respectively，then 

exactly one of d1e following statements is true： 

(1)there exists x∈E such that 

F( )n (一intr)≠ 

G )n (一int且)≠ 

(2)there exists(y’， )≠ (O，0)in r×A such that for every ∈E， 

(Y ，F(z))+ <2 ，G(z))≥ 0． 

The proof is given in[5]． 

CorolIaIT 1．2 If in Theorem 1．1，we assume further that there exists z。∈ E such that 

G(x )n(--int且)≠ ，then Y ≠0． 

Let Y，Z be ordered topological vector spaces with pointed convex cones r and A，respectively，the 

topological interiors of which are both nonempty．Then the product space Y ×Z is als0 an ordered 

topological vector space with a pointed convex cones r×A．We shall introduce below two common 

lemmas for the topological interior and the po lar cone of I"XA． 

Lemma 1．2 int(／-×A)=int／-×int A． 
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Lemma 1．3 (r×^) =r × A ． 

The proofs of the two above Lemmas are easy 

2 Optimal ity Conditions 

Let X be a topological vector space，and A，D be an invex subset of X(with respect to a function 

可：X ×X— X)．Let Y，Z he ordered topo logical vectc~spaces wltb．pointed convex con~$r and A，re— 

spectively。the topo logical interiors of which are both nonempty．Let F：X~ 2 ，G ：X 2 be set—val- 

ued functions from X to Y and Z。respectlvely． 

In this paper，we consider the following two classes of the optimization problems of set—valued 

functlons 

rain ∈̂F(z) (P1) 
and 

min：∈DF ) 

． t．G( )n (-- )̂≠ (P2) 

The feasible set of problem (P2)is defined by 

K= {x(DfG )n(一 )̂≠ }． 

Remark 1 Clearly，yoEW--Mh~rA iff(A一 )n(一int r)一 ，where 一 =(y—y0fyEA}． 

Definition 2．1 A point 。∈A is said to be a weak efficient solution of(P1)if j o∈F(xo)such 

that y0∈ 一M_mrF( )． 

Definition 2．2 A point o∈K is said to be a weak efficient solution of(P2)if j ∈F( )such 

that y ∈Ⅳ 一M|nrF(K)． 

Clearly， o∈A is a weak effident solution of(P1)iff j ∈F( o)such that 

IF(A)一 ]n (一int r)一 ． 

and o∈K is awcak efficlentsolutionof(P2)iff 3 蛳∈F(xo)suchthat 

IF(K)一y。]n(--_mt r)= ． 

First，we consider the optimality condition for problem (P1)． 

Theorem 2．1 Suppo se thatF( )isF--preinvex onA，andthat z06A．Then勘 is aweakdficient 

solution of(P1)iff there exists Y0∈F(z0)，and Y‘∈r ，with Y ≠O such that 

jnf《F(A)，Y )= 《Yo，Y >． 

Proof．Necessity．By Definition 2．1，there exists y0EF(xo)such that yo∈ 一MinrF(A)， e．iF 

( )一y0]n(一 r)= ，for all ∈A．It is clear that F )一帅 is also r—preinvex on A，for F 

( )is／"--preinvex on A．Thus，using Theorem 2．1，there exists Y ∈r。，with Y‘≠O such that 

《F(A)一 yo，y’>≥ 0， ．e．《F(A)，y >≥ 《yo，y >． 

However，Yo∈F(z0)，therefore，inf(F(A)，y >= <yo，Y )． 

Sufficiency．It follows directly from Theorem 1．1． 

Q．E．D． 

Now，we estab~sh the optimaHty of(P2)．Let 

H ( )= F( )× G( )， ∈ X． 

Then H  is a set—valued function from X to product space Y×Z which is an ordered topo logical 

vector space with po inted convex cone r×A with a nonempty topo logical interior． 

Theorem 2．2 Suppose the foUowing： 

1) 0∈K is a weak efficient solution of(P2)， 
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(2)G )is 一preinvex on D and H (x)is-PX^一preinvex on K． 

Thenthere exists yo∈F(x0)，and ∈r ， ’∈A’，with(y’， )≠(O，O)such that 

lnf[(，( )，y >+ <G( )， ’>]一 < 。，Y >， 

inf< G( 0)， )一 0． 

Proof．According to Definition 2．2，j yo∈F(xD)such that 

IF(K)一yo3 N (一 口r)一 ． (1) 

For any ∈X，we have[F( )一 o]×G )一F( )×G( )一( ，O)．Let H )一H( )一( ， 

O)，Since H is r×A-- preinvex on K ，of course，H is also r×A--prelnvex on K．W e have that 

H 0)N [一im(F×n)]= ，for all x∈K． (2) 

Suppose not．Th en j ∈K such that H’( )N[一／nt(FX )̂]≠ ．Hence，it follows by Lam— 

ma1．2 that[F( )一 ]N(一 r)≠ ．which contradicts(1)．Therefore(2)holds．Thus，by 

Theorem 1．1 and I．emma 1．3，j ∈r ， ∈A。，with( ，z )≠ (O，O)such that 

<H’( )，( ，z )>≥ 0，for any ∈ K， 

h foUows that 

<F(z)， >+ <G( )，z >≥ < ̈  >，for any ∈K， (3) 

Due to o∈ ，consequently了p6G(xo)such that P∈(一 )．But z ∈A ，which imphes that<户， 

z >≤O．Onthe other hand，totake — oin (3)，wemay get(yo， >+<户， )≥(蛳， ’>． 

Itfollowsthat(户，z >≥0．So《户， >一O．T11u旦，we have< D，y > ∈(F( 。)， >+《G( o)． 

> ． 

Hencet it fotlows from (3)that inf[(F(x)，y >+(G(z)， 。>]：< ，y >． 

Take again ：= o in(3)，we may get 

< o， >+ <G(zo)， >≥ (Yo， >． 

So(G(轴)t )≥0，we have previously shown that there exists P∈G(xo)such that《户，z )一0． 

Thus．int<G( )， )=0． 

Q．E．D． 

Corollary 2．1 Suppose the following： 

1) o∈K is a weak efficient solution of(P2)． 

2)D be an invex subset of X(with respect to a function r／：X×X-*X)．F and G are F--preinvex 

and A--preinvex on D，respectively．Th en了 o∈ (F(丑口)，and ’∈r ，z ∈A ，with( ， )≠ 

(O，O)such that 

inf[(F(x)，Y >+ (G )，2 )]： (yo，y )， 

inf(G(x )，z >= 0． 

Proof．Let z1， 26D，,1610，1]．Accordingto assumption 2)，with respecttothe samefunction ：X 

× X ，we have 

F(x1)+(1一 )̂F( ：)c F(x2+却( l， 2))+r， 

G(x1)+ (1一 )̂G(而 )C G(x2+ ( l， 2))+ A． (4) 

Clearly， 

aEF( 1)x G(x1)]+ (1一 )̂[F( 2)×G(x2)]=IF( 1)+(1—2)F(x2)] 

x[G(z1)+ (1一A)G(x2)]． 

Thus，by(4)，we get 

aH(x1)+ (1一 )̂H( 2)c [F( 2+却0】， 2))+r]x [G( 2+却0l， 2))+A3． (5) 

Butthe right—handmember of(5)issame asthesetF(xz+A~l(xl， 2))xG( ：+却(zl’ 2))+r 
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×A．Henceitfollowsfrom (5)that 2H( 1)+(1一 )̂ ( 2)C ( 。+却( 1， 2))+r×A，i H 

( )is r×A--preinvex on D．Now it is clear that feasible set K is invex，it foUows that H is r×以一 

preinvex onK． 

Q．E．D． 

W e can similarly show the following theorem． 

Theorem 2．3 Suppose the following： 

1) 0∈K is a weak efficient solution of(P2)， 

2)H(z)is r×A--preinvex on D， 

3) (D＼K)一 o]n(一 r)一 ，where yo is as in Theorem 2．1． 

Then j Y‘∈r‘， ’∈A‘，with(Y‘，z‘)≠ (O．0)such that 

in ED[(F0)，Y’>+(G )， >]一(Yo，Y )． 

inf(G( 0)， >一 0． 

Theorem 2．4 Suppo~ the following： 

1) o∈K， 

2)) ∈F(xo)·and( ’， )∈r。×A’，with( ’，z )≠ (0，O)such that 

inf[(F(x)．Y’>+ <G )， ’‘>]≥ (蛳，Y’>， 

3) ∈D suchthatG(x )n(一 以)一 ． 

Then zo is a weak efficient solution of(P2)． 

Proof．By assumption 2)，wehave (F )一曲．Y’>+(G )， ’>≥O．V xED． (6) 

First，we prove that Y ≠0．Suppose not，i．e．Y’一O．Hence it follows frmn(6)that 

(G )，z’>≥ 0，V z∈ D． (7) 

B assumption 3)，there exists“∈G(x )such that一“∈触 以，let ∈Z，then j >0 such that一 

“+ ∈A and一“一 ∈A．since ‘∈A。，thus 

(一 “+ z， ’)≥ 0and(一“一 如 ， ’>≥ 0． (8) 

From (7)，we canget tha t(“， ’>／>0，henceitfo[1owsfrom (8)that( ， ‘)一0，thisimpfiesthat 

=0，in con tradiction to assumption (2)，so Y ≠ O．If ois not a weak efficient solution of(P2)，then 

j z‘EK such that[F(z’)一曲]n(--~t r)≠ ，hence j tEF(x。)such that f— o∈(一枷 r)． 

Since Y’∈r’and Y。≠0，usingLemma1．1，we obtain 

枉一 Y0，Y。>< 0 (9) 

Due to ’∈K．this implies that there exists q∈G(x。)such tha t q∈(一以)，it follows that 

(q ’>≤ 0 (10) 

Adding(1O)to(9)．we get( 一曲 ，Y’>+ (口， ’>< O，which contradicts(6)．thus is a weak effi— 

cient solution of(P2)． 

- Q．E．D 
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锥一准不变凸集值映射的最优性条件 

三塾堡： 圭叠氐 ●— — — — — — — — — — — — — — — — — — — — ～  

(重庆建筑大学 应用科学与技术系，重庆 400045) 

摘要：研究j拓扑向量空间中的锥 

凸桌值映 射 的最优性 充要 条件 。 

关 键 词；锥一准不变凸桌值映射 

0≥ 
77-3 

准 不变 凸桌值映 射的极 小 值 问题 ，得到 j锥 一准 不变 
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